The Poljak-Rödl function is defined as f (n) = min{χ(G × H) ∶ χ(G) = χ(H) = n}. This note proves that lim n→∞ f (n) n ≤ 1 2 .
The Poljak-Rödl function [7] is defined as
A proper colouring φ of G induces a proper colouring Φ of G × H defined as Φ(x, y) = φ(x). So χ(G × H) ≤ χ(G). Therefore f (n) ≤ n. Hedetniemi conjectured in 1966 [3] that f (n) = n for all positive integer n. This conjecture received a lot of attention [1, 4, 8, 11, 13, 14] and is disproved recently by Shitov in [9] . For a positive integer c and a graph G, let [c] = {1, 2, . . . , c}. The exponential graph K G c has vertex set
and in which f ∼ g if and only if for any edge xy of G, f (x) ≠ g(y). For any graph G and any positive integer
On the other hand, if φ is a proper colouring of G ×H, then the mapping
. Thus Hedetniemi's conjecture is equivalent to the statement that "if χ(G) > c, then K G c is c-colourable." Shitov disproved Hedetniemi's conjecture by showing the following result:
As a consequence of this result, we have f (n) < n for sufficiently large n. Using Shitov's result, Tardif and Zhu [12] showed that for sufficiently large n, f (n) ≤ n − (log n) 1 4 . By using Shitov's method, He and Wigderson [2] showed that for ǫ ≈ 10 −9 , f (n) ≤ (1−ǫ)n for sufficiently large n. Tardif and Zhu also showed that if a special case of Stahl's conjecture in [10] on the multi-chromatic number of Kneser graphs is true, then lim n→∞ f (n) n ≤ 1 2.
On the other hand, the problem whether f (n) is bounded by a constant remains a challenging open problem. It is known [6, 7, 13] that f (n) is either bounded by 9 to goes to infinity.
This note shows that lim n→∞ f (n) n ≤ 1 2 without assuming Stahl's conjecture.
Assume Ψ is a (dc + t)-colouring of K τ (B) . Thus τ is a proper colouring of the Kneser graph K(dc, c). As χ(K(dc, c)) = dc − 2c + 2, we conclude that t = S ≥ dc − 2c + 2. This completes the proof of Theorem 2.
For a positive integer d, let p = p(d) be the minimum number of vertices of a graph G with girth 6 and χ f (G) ≥ 6.4d. It follows from Theorem 2 that for any integer q ≥ p 3 2 p , f (2(d − 1) × ⌈3.1q⌉ + 2) ≤ ⌈3.1q⌉d. As f (n) is non-decreasing, for integers n in the interval [2(d − 1) × ⌈3.1q⌉ + 3, 2(d − 1) × ⌈3.1(q + 1)⌉ + 2], we have f (n) ≤ ⌈3.1(q + 1)⌉d.
Hence for all integers n ≥ 2 × ⌈3.1q⌉(d − 1) + 2,
Note that if d → ∞, then p = p(d) goes to infinity, and hence q ≥ p 3 2 p goes to infinity. Hence lim n→∞ f (n) n ≤ 1 2 .
